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a b s t r a c t
In this paper, we introduce a novel three-dimensional (3D) reconstruction framework for ultrasound images using a piecewise smooth Markov random ﬁeld (MRF) model from irregularly spaced B-scan images
obtained by freehand scanning. Freehand 3D ultrasound imaging is a useful system for various clinical
applications, including image-guided surgeries and interventions, as well as diagnoses, due to the variety
of its scan ranges and relatively low cost. The reconstruction process performs a key role in this system
because its sampling irregularities may cause undesired artifacts, and ultrasound images generally suffer
from noise and distortions. However, traditional approaches are based on simple geometric interpolations, such as pixel-based or distance-weighted methods, which are sensitive to sampling density and
speckle noise. These approaches generally have an additional limitation of smoothing objects boundaries.
To reduce speckle noise and preserve boundaries, we devised a piecewise smooth (PS) MRF model and
developed its optimization algorithm. In our framework, we can easily apply an individual noise level
for each image pixel, which is speciﬁed by the characteristics of an ultrasound probe, and possibly, the
lateral and axial positions of an image. As a result, the reconstructed volume has sharp object boundaries with reduced speckle noise and artifacts. Our PS-MRF model provides simple segmentation results
within a reconstruction framework that is useful for various purposes, such as clear visualization. The
corresponding optimization methods have also been developed, and we tested a virtual phantom and a
physical phantom model. Experimental results show that our method outperforms existing methods in
terms of interpolation and segmentation accuracy. With this method, all computations can be performed
with practical time consumption and with an appropriate resolution, via parallel computing using graphic
processing units.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Ultrasound 3D imaging has received signiﬁcant attention in
many diagnostic areas, particularly obstetrics [1] and cardiology
[2]. Not only 3D visualizations, such as in volume and surface rendering, but also 2D sectional images at various orientations, may
provide helpful clues for diagnoses. In addition, many studies have
demonstrated the applicability of 3D ultrasound imaging to imageguided surgery and interventions, e.g., neurosurgery [3], biopsy [4],
and radiation therapy [5].
There are two types of probes that can generate 3D ultrasound data: dedicated 3D probes and conventional 2D probes with
mechanical or freehand scanning. Dedicated 3D probes can scan
the 3D range rapidly and can generate volumetric images quickly.
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However, systems with dedicated 3D probes are more expensive,
and the large contact surface of the probe makes it diﬃcult to obtain clean images of hidden structures under bones or gas. These
probes are larger and heavier than 2D probes, and their scanning
ranges are limited by their size.
A conventional probe generates 2D images initially, but 3D
data can be obtained through sweeping the probe through the
target volume while acquiring the position and orientation information from a position sensor. Therefore, the scanning ranges
have a greater variety than those of dedicated 3D probes. Sweeping is conducted using a mechanical device or by hand. Mechanical sweeping generates regularly spaced B-scan images along a
predeﬁned path, while freehand sweeping generates irregularly
spaced B-scan images along an arbitrary path. Mechanical devices
can sweep or rotate the volume with a uniform speed, but it
is impossible to scan larger volumes than the mechanics allows.
This limitation cannot be overcome through simply increasing the
size of the system [6]. Compared with other scanning methods,
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Fig. 1. Conceptual diagram of the freehand 3D ultrasound imaging setup [5].

freehand ultrasound imaging has more freedom in terms of scanning range, and various normal 2D probes can be used directly.
These advantages are useful for various applications. Fig. 1 shows
a conceptual diagram of the freehand scanning system.
In freehand scanning, because B-scan images are captured at
arbitrary locations and orientations, it is not guaranteed that the
physical image pixel locations will match the voxel positions.
Therefore, it is necessary to ﬁll in missing voxel values in the volume of interest (VOI) from the scanned images. To obtain a better reconstruction result, noise and artifacts should be considered
while interpolating the voxel values.
However, many previous studies have focused on the calibration of the position sensors to accurately convert the image coordinates to global coordinates [7]. Compared with the acquisition
process, the reconstruction process has been considered simply in
most works despite its importance for the quality of the ﬁnal images of a volume.
There are numerous considerations in the reconstruction step
to improve the volume quality. First, ultrasound images have various types of noise and artifacts, such as speckle noise, refraction,
shadowing, reverberation, and so on. Most artifacts originate from
the interaction between the ultrasound signal and inside materials,
i.e. they represent different patterns according to the inner materials. High-level processing is usually required in order to reduce
them. Meanwhile, speckle noise is typically distributed throughout
B-scan images. Speckle noise also shows unique patterns according
to the materials, but it is distributed all over images with high frequency compared to other artifacts (see Fig. 2(a)). This results in

degradation of the image quality and makes it diﬃcult for viewers
to interpret these images and make diagnoses. Therefore, speckle
noise reduction is an important issue in ultrasound image analysis,
and it has been investigated in previous works as post-processing
[8]. However, it is not practically eﬃcient to ﬁlter every scanned
image in case of this study.
Another important characteristic of ultrasound images that
should be considered is that the spatial resolution is not uniform
within an image due to the transducer and signal characteristics.
Fig. 2(c) presents scan result of a phantom for quality assurance,
and the image quality varies with the penetration depth as well
as the lateral direction. Therefore, B-scan image pixel data cannot
be considered to have the same conﬁdence level over all pixels,
and the data conﬁdence should be considered according to pixel
location.
However, most existing reconstruction methods involve simple
averaging or interpolation, i.e. pixel nearest neighbor (PNN), voxel
nearest neighbor (VNN), distance weighted (DW), and radial basis
function (RBF) methods [10,11]. These approaches interpolate the
voxel intensities from the sampled data by simply taking the nearest neighbors (PNN and VNN), which are sensitive to the sampling
density, or weighted averages (DW and RBF). To improve the quality, various median ﬁlters are introduced [12]. In addition, Wen et
al. introduced a fast marching method to ﬁll holes in order to overcome the limitations of the nearest-neighbor selection [13]. Instead
of spatial interpolation of the voxels or pixels, another approach for
the 3D reconstruction is to interpolate probe trajectories to create
intermediate virtual scanning planes [14].

Fig. 2. Noise and artifacts: (a) speckle noise, (b) transducer malfunction [9], and (c) elevational focal zone.
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Another important approach uses a Bayesian framework to infer
the voxel values in a grid [15,16]. This approach assumes a threedimensional parametric function that has basis functions centered
at every voxel. Each basis function is determined by a corresponding coeﬃcient, and all coeﬃcients of the voxel grid are modeled as
a 3D grid Markov random ﬁeld (MRF) with the typical 6-connected
neighborhood system [15]. In this approach, the observations are
assumed to be Rayleigh distributed random variables to represent
speckle noises.
However, one signiﬁcant drawback of these methods is that
they may not preserve object boundaries. Boundaries are easily
smoothed out using these models because they assume uniform
smoothness. To resolve this problem, we introduce a novel framework for reconstructing 3D ultrasound images from freehand scanning. The primary goals of this research are the following:
(1) Speckle noise reduction: Speckle noise results in images that
are noisy in ways such that the interpolated values could be
severely affected. Our ﬁrst goal in this research is to reduce
the inﬂuence of speckle noise.
(2) Boundary conservation: It can be helpful in many clinical
applications if surface boundaries are clearly observable in
ultrasound images. However, most state-of-the-art reconstruction algorithms smoothly interpolate the sampled data
points.
(3) Noise level (data conﬁdence) consideration: Within one B-scan
image, the spatial resolution and image quality vary with the
location. If several data are observed in close physical locations, e.g., the same voxel, their conﬁdence level should be
given signiﬁcant consideration, rather than simply considering distances.
(4) Computation time eﬃciency: In many clinical applications,
fast computation is required for practical use. In particular,
the algorithm needs to be insensitive to the amount of data
sampled from a wide scan range for the freehand system.
To achieve the above goals, we adopt a Bayesian framework
to infer the voxel intensities from the observed data as in [15].
Through modeling the voxel grids as an MRF and applying an observation model that considers the noise distribution, we can alleviate the effects of speckle noise in the 3D reconstruction process. In addition, we use a piecewise smooth MRF for boundary
conservation through considering the ultrasound imaging characteristics. MRF reconstruction models can be categorized into three
types: smooth models, piecewise constant (PC) models, and piecewise smooth (PS) models [17]. The smooth models do not consider
signal discontinuities, so object boundaries are easily blurred. The
PC models can preserve the discontinuities, but they separate the
gradual changes of signals into several different regions. One of
the primary characteristics of ultrasound imaging is that the signal
intensities for the same tissue may not be uniform due to attenuations or shadow effects. Therefore, the PC models also are not
appropriate for ultrasound reconstruction. The PS models can represent regions with gradual changes and separate different regions,
only with large jumps. For this reason, we propose a PS model that
conserves the boundary information of different regions. Within
our framework, the noise levels can be simply applied without
changing or adding terms. In addition, the computation to get the
optimal solution is accelerated by parallelization on graphic processing units (GPUs).
This paper is organized as follows. In Section 2, an overview of
the Bayesian formulation of our problem is introduced, and several
types of prior models and corresponding optimization methods are
described. In Section 3, experiments with synthetic US images and
real images are described. In Section 4, we discuss the advantages
and limitations of the proposed method and suggest directions for
future work.
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2. Methods
2.1. Overview of MRF models
The objective of reconstruction in this paper is to determine
the most representative intensity value at each voxel of regularly spaced grids in a volume of interest (VOI) from an observed
dataset. Let us denote a vector of the voxel values of the VOI by
f = ( f1 , . . . , fm )T , where m is the number of voxels. We propose
some probabilistic inferences of f in the Bayesian framework. In
this paper, the likelihood and prior distributions are deﬁned, and
the corresponding optimization methods that maximize the posterior probability distribution functions (PDFs) are discussed. According to the Bayes rule, a posterior PDF p(f|D ) is proportional
to a prior PDF p(f ) and the likelihood function p(D|f ), i.e. p(f|D ) ∝
p(f ) p(D|f ).
A dataset (D) contains triplets of an observed pixel value (y p ),
a world coordinate position vector (x p ), and a noise variance (σ p2 )
for all pixels in all B-scan images: D = {(y p , x p , σ p2 )| p = 1, . . . , n},
where n is the number of pixels in the B-scan images. The most
common method to obtain the world coordinate is to use an optical tracker. The optical tracking method used in this research is explained in Section 3.2.1. The variance σ p2 can be determined from
the user input or by pre-processing the images, or any other characteristics of a probe. As depicted in Fig. 2(c), a general ultrasound
image has a focal zone determined by the characteristics of the ultrasound signal and probes. As a result, the spatial resolution varies
depending on the location of a pixel in an image, and the data
accuracy also varies according to pixel location. If there are two
pixel points from two different image planes and they have similar
distances from a voxel, then the point in the focal region is more
likely to represent the original intensity. To enhance the quality of
3D reconstruction, this type of data precision information as well
as the geometric distance must be applied. In our framework, this
can easily be applied to the model by changing the observation
variance σ p2 for each p.
The observation model deﬁnes the likelihood of the observed
dataset D with given f. All observed pixel values are assumed to
be independent normal random variables; therefore, the likelihood
function is

p( D |f ) =

n




φ y p ; μ p , σ p2 ,

(1)

p=1

where φ (y p ; μ p , σ p2 ) is a normal PDF with a mean μ p and a variance σ p2 . In this paper, the mean μ p is assumed to be μ p = fv(x p ) ,
where v(x p ) is the nearest voxel index from x p . This mapping,
also referred to as pixel nearest neighbor mapping [11], simpliﬁes
the model and calculations. This observation model implies that y p
only depends on v(x p ). That is, a conditional independence is assumed such that p(y p |f ) = p(y p | fv(x p ) ) for any pixel index p.
The prior distribution is from a priori knowledge about f. The
prior distribution contains information about what values of f are
preferred and how much they are preferred. This paper constructs
the prior distribution using an MRF framework. An MRF is a set
of random variables that has a certain conditional independence
structure that is graphically described using nodes and links [18].
Throughout this paper, a node represents a voxel value or an observed pixel value, and a link represents a similarity relationship
between two nodes.
A basic example of an MRF model of a voxel grid is the 6connected neighborhood model, which is referred to as the uniformly
smooth model in this paper, or the smooth model. The model has
all possible links along the x, y, and z directions in the voxel grid.
Furthermore, all observations are connected to the corresponding
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Fig. 3. Graphic representation of the smooth MRF model.

nearest voxels due to the assumed observation model. A graphic
representation of the smooth model is presented in Fig. 3.
To model the discontinuities at some locations in the voxel
grid, it must be determined whether each similarity relationship is
turned on or off. Because it is diﬃcult to optimize an energy function of a discontinuity preserving model, various methods are proposed for each discontinuity preserving model. Sections 2.2 and 2.3
describe the mathematical formulations and optimization methods
of the smooth model and of the discontinuity preserving models,
respectively.

By the Hammersley-Clifford theorem [19], the joint distribution of an MRF is a Gibbs distribution, which is represented as
p(f|D ) = 1Z exp{−E (f, D )}, where Z is a normalizing constant and
E (f, D ) is an energy function. Therefore, maximizing a posteriori of
an MRF can be handled more easily by minimizing the corresponding energy function because there is no exponential term, and the
normalizing constant Z can be ignored. In this paper, the Gibbs
distribution is expressed as p(f|D ) = 1Z exp{− 12 E (f, D )}in order to
eliminate the common term 1/2 in the energy function. Therefore,
the energy function of the smooth model is

2.2. Uniformly smooth model

E ( f, D ) =

p(f ) ∝ exp −

ψ



2




2

( f v − f v )

,

(2)

(v,v )∈E

where ψ is the smoothness strength coeﬃcient, E is the set of all
links between voxels in the 6-connected neighborhood model, and
(v, v ) is the link between two voxels, v and v . Note that the MRF
is an undirected graph, i.e.(v, v ) and (v , v ) indicate the same link.
The posterior PDF of the smooth model is

p(f|D ) ∝ p(D|f ) p(f )



∝ exp −


exp −



n
2
1 
τ p f v ( p) − y p
2



p=1

ψ



2





( f v − f v  )2

(v,v )∈E

n

2
1  
∝ exp −
τ p f v ( p) − y p + ψ
( fv − fv )2
2



,

(v,v )∈E

p=1







m

1 
p(f|D ) ∝ exp −
τ p ( fv − y p )2 + ψ
( fv − fv )2
2

p∈P

v=1

v

.

(v,v )∈E

(4)

(5)

Then, E (f, D ) becomes the function in the quadratic form of the
decision variables fv and measured data y p , which are from the
data likelihood and the prior distribution function. Smaller differences of neighboring variables and measured data induce a smaller
energy, and this results in a higher posterior density. The optimal
solution can be obtained by solving ∇ E = 0:
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(6)

p∈Pm

where A is the m × m matrix in which A(i, i ) is the number of links
connected to the voxel i, and A(i, j ) = −1 if (i, j ) ∈ E or( j, i ) ∈ E.
All other elements of A are zeroes. The conjugate gradient method
is a common method for solving this type of system of linear equations [20].
With the solution of Eq. (6), the vth row of (6) is





(3)
where τ p = 1/σ p2 , which indicates the precision of an observation.
This notation is used in the remaining sections.
The voxel-based representation of the likelihood terms is more
convenient for later calculations and result expressions. For any
voxel index v, a set Pv is a collection of pixel indices, in which the
nearest voxel is v: Pv = { p|v( p) = v, p = 1, . . . , n}; then, all pixel
indices from 1 to n are classiﬁed into mutually disjoint sets P1 to
Pm . Thus, Eq. (3) can be rewritten as

( fv − fv )2 .

(v,v )∈E

p∈Pm





τ p ( fv − y p )2 + ψ

v=1 p∈Pv

A prior probability distribution function of the smooth model is



m 




τ p + ψ |Nv | fv∗ − ψ


v ∈Nv

p∈Pv

fv∗ =



τ py p,

(7)

p∈Pv

where Nv is a set of voxels connected to the vth voxel, |Nv | is the
cardinality of the set, and fv∗ is the vth element of the solution
vector f∗ . Then, Eq. (7) can be rearranged as


∗

fv =

p∈Pv

τpy p + ψ



p∈Pv


v ∈N

fv∗
v

τ p + ψ |Nv |

.

(8)

Eq. (8) describes that each optimal value fv∗ is the weighted
average of the observation pixels and neighbor voxel values with
weights τ p and ψ for a pixel p in Pv and neighbor voxels, respectively.
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Fig. 4. Conceptual differences between the edge-based model (left) and region-based model (right).

2.3. Piecewise smooth models

The energy function of the basic region-based formulation is

Basically, there are two possible formulations of the PS models:
edge-based and region-based labeling formulations. In the edgebased model, the formulation has an additional term c(v,v ) ∈ {0, 1}
for each edge (v, v ), which determines whether the link is connected or not. In the region-based formulation, every voxel has a
label lv ∈ L, where L is the set of possible labels. A link is only
connected if two neighbor voxels have the same label. Graphic representations of the two formulations are presented in Fig. 4. There
are some variants that combine multiple models or methods for
the 2D image segmentation including a combined method of the
edge-based and region-based models [21] and an MRF of distinct
regions with an edge detector considering speckles [22]. Those
methods have more considerations about the boundaries. However,
it is hard to apply directly to 3D reconstruction with sparse data.
More context-aware methods are discussed in Section 4.
Of the two approaches, we adopted the region-based model for
three reasons. First, the edge-based model easily produces undesirable short and separated boundaries [23]. It requires additional
complex energy terms to prevent undesirable results, and the corresponding optimization becomes much more diﬃcult. If the pixelby-pixel signal jumps in ultrasound images are considered, it is difﬁcult to determine whether the signal jumps result from speckle
noise or underlying materials. Thus, it is more natural to consider
the regional properties than the edge properties. Another advantage of the region-based model is that the label values of the
region-based method provide a simple segmentation result without additional processing, which is useful for a variety of purposes
[24]. Finally, a signiﬁcantly more robust and eﬃcient optimization
method exists for the region-based model than the edge-based
model.
From a technical perspective, it is not trivial to compute the
optimal solution of most piecewise smooth models because their
energy functions have many local optima in general. However, the
label-based formulation can be converted to a graph-cut problem
in a binary case, whose global solution can be found eﬃciently using the max-ﬂow/min-cut algorithm [25]. Therefore, we formulated
the proposed MRF model as a binary piecewise smooth model
to represent the foreground and background in this research. The
multi-label cases are discussed further in Section 4.

E ( f, L, D ) =

m 




τ p ( fv − y p )2 + ψ

v=1 p∈Pv



+ 1 − δlv ,lv



(v,v )∈E

 2
α .

δlv ,lv ( fv − fv )2
(9)

where L = {lv |v = 1, . . . , m},δlv ,l  is the Kronecker delta function
v
which returns 1 when lv = lv or 0 if lv = lv , and α is a parameter related to the level of signal jump. If the difference of two
neighboring values fv and fv is more than α , then the energy between the two voxels is lowered with δlv ,l  = 0, which turns off
v
the smoothness penalty. As explained before, we restricted our attention to the binary labels case lv ∈ L = {0, 1}in this study. As
seen in Eq. (9), the smoothing term between neighbor voxels is
only applied when they belong to the same region. For abdominal
imaging, soft tissue might belong to the background, and organs
or other structures might be foreground objects. The initial separation can be performed via pre-processing using an optimal global
thresholding method, such as Otsu’s thresholding [26].
2.4. Optimization
To obtain an optimal solution for Eq. (9) eﬃciently, we can convert it to an alternative two-layered formulation, as discussed in
[27]. The alternative formulation assumes that two separate layers
exist:g0 = (g01 , . . . , g0m )T and g1 = (g11 , . . . , g1m )T . A label lv is used to
select one of the two signal values as the reconstructed value of
the vth voxel: fv = (1 − lv )g0v + lv g1v , and a set of pixels Pv is connected to the selected layer. Fig. 5 is a graphical representation of
the alternative formulation.
The alternative formulation is



E g0 , g1 , L, D
=

1 
m

h=0 v=1

+ψ α 2





δlv ,h

(v,v )∈E





τ p gv − y p
h

p∈Pv



1 − δlv ,lv



.

2

+

ψ  
2

v ∈Nv

h

h

gv − gv 

2



(10)

The energy function consists of the data ﬁtness, smoothness, and the discontinuity terms. Note that the data ﬁtness and

Fig. 5. Graphical representation of the alternative formulation.
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smoothness terms of the layers are turned on or off by the labels.
In addition, energy terms exist if any two neighbor voxels have different labels. As explained in Section 2.2, E is a set of all links
in the 6-connected neighborhood model. However, an MRF with
the neighborhood model does not have any preference whether
boundaries are blocky or not when data is sparse [28]. In freehand
ultrasound scanning, there may be a signiﬁcant number of voxels
that are unobserved, i.e. Pv = ∅, and it may cause undesired “blockiness” artifacts during the reconstruction process. Therefore, additional energy terms for boundary regularization are required in order to avoid this artifact. One simple solution in our framework is
to expand the neighborhood system to include more neighbors in
various directions [28]. For example, in 2D MRFs, the 8-connected
neighborhood model, which connects all combinations of x and y
axis displacements, produces more smooth boundaries than the
4-connected neighborhood model. Likewise, the 26-connected neighborhood model in 3D MRFs, which connects −1, 0, +1 combinations for all x, y, and z directions except itself, produces more
smooth boundaries than the 6-connected neighborhood model. Note
that the expanded neighborhood model is useful for regularizing
the boundary and not for interpolation properties. Therefore, we
simply expand the neighborhood model only for the label difference terms and scale the terms to the original 6-connected neighborhood model to preserve the meaning of parameters. The ﬁnal
energy function is



E g0 , g1 , L, D
=

1 
m




δlv ,h

h=0 v=1

+



6
ψ α2
26





τ p gv − y p

p∈Pv


(v,v )∈E 26



h

2


+

ψ  
2

v ∈Nv

h

h

gv − gv 

2



1 − δlv ,lv ,

(11)

where E 26 represents a set of all links in the 26-connected neighborhood model.
Algorithm 1 is a simple optimization algorithm for the energy
function in Eq. (10), which was proposed by Grady and Alvino [27],
and it can be applied to minimize the extended energy function in
Eq. (11). We also introduce an improved algorithm after explaining Algorithm 1. Algorithm 1 iterates some interpolation steps and
segmentation steps. In practice, a few iterations are suﬃcient to
converge, and the result of the method is robust regarding variations in the initial label setting [27]. These properties contrast
with the properties of traditional contour evolution methods to
optimize the Mumford-Shah functional while maintaining closed
boundaries. Those beneﬁts result from a graph-cut method of segmentation steps.
With the given L , the energy function in Eq. (11) becomes
a quadratic form, so each of g0 and g1 can be minimized as in
the smooth model using the conjugate gradient method. However,
some elements of the layers do not affect the energy, so they cannot be determined; for a voxel v, if the voxel and the neighbors
of the voxel do not belong to a label h, i.e. δlv ,h = 0 and δl  ,h = 0
v

Algorithm 1
Optimizing procedure of the Grady and Alvino [27] method.
Function OptimizeEnergy(Linitial , D, ψ , α , voxel grid conﬁguration)
Output: (L,g0 ,g1 )
exit ← f alse
L ← Linitial
repeat
Determine g0 and g1 by solving systems of linear equations with ﬁxed L
Find L using a graph-cut algorithm with ﬁxed g0 and g1
if L = L , then exit ← true
L ← L
until exit = true

for all v ∈ Nv , then the intensity value ghv does not incur any of
the data-ﬁtness penalty or smoothness penalty. Hence, the intensity value ghv is independent from the energy. However, all of the
values in g0 and g1 should be determined, because the values are
used in the next label optimization, which will be solved by the
graph-cut algorithm. To determine the energy-independent values,
the values can be interpolated from the already determined values,
which affect the energy. For each layer, a uniformly smooth model
can be constructed with the ﬁxed determined values of the layer
[27]. Then, solving the uniformly smooth model produces interpolated values for the undetermined values. This interpolation is the
same as solving a discrete Laplace equation with ﬁxed boundaries.
See [27] for more details.
After calculating g0 and g1 , each layer functions as preferred
values of the corresponding label. A label set L should be selected
that minimizes the energy function in Eq. (11), which is affected by
the data-ﬁtness terms and discontinuity penalty terms. The graphcut method, which has been used successfully for many computer
vision problems, can ﬁnd the exact minimum label set. The graphcut method has two stages. First, it transforms an energy minimization problem into a max-ﬂow/min-cut problem on a graph
[29], and then the transformed problem can be solved eﬃciently
using graph algorithms [30,31].
The most signiﬁcant advantages of Algorithm 1 are that the
method is not prone to become stuck in local minima, and the
time consumption of the algorithm is not sensitive to the initial label set Linitial [27]. In our experiments, we set Linitial for the outer
voxels of the voxel grid to 0 and the other voxels to 1. This type
of Linitial presumes that there might be some objects surrounded
by background materials. The initial boundaries between label-0
voxels and label-1 voxels will be squeezed or expanded by the algorithm to reduce the boundary penalties in accordance with the
observed data. If it can be certain that the outer voxels are background voxels, then the outer labels can be ﬁxed in the segmentation steps. After this, the boundaries cannot be expanded from the
initial label set, and only squeezing is possible.
We improved the algorithm in two ways. Experiments showed
that the values of the label set L do not change signiﬁcantly from
L in most iterations. This indicates that the max-ﬂow/min-cut
problem for L is also similar to that of L . Therefore, the ﬂow
information at the max-ﬂow/min-cut problem could be reused in
the next problem to reduce computation time [32]. Next, we applied a hierarchical approach using multi-level grids. Algorithm 1
sometimes requires a large number of iterations to converge depending on the problems, and each iteration on a larger grid consumes a considerable amount of time. In contrast, the iterations
on a small grid are much faster, because the information can propagate over a longer distance per iteration. Therefore, we can calculate an approximate result on a coarse grid and reuse the approximate result as the initial data on a ﬁne grid. This hierarchical
approach can reduce the computation time signiﬁcantly, particularly for large grid problems. In addition, the reconstruction of the
coarse grid is robust to speckle noise because the noise is averaged
out in the coarse grid. In this work, we used two levels, but more
levels could be applied when the grid size is large. The procedure
of the two-level grid method is described in Algorithm 2.
Algorithm 2 has an additional parameter ψc , but it can be calculated from ψ and the grid conﬁgurations. Suppose that the voxel
interval of the coarse grid is t-times larger than that of the ﬁne
Algorithm 2
Two-level grid optimizing procedure.
, D, ψc , α , coarse-grid)
(Lc ,g0c ,g1c )← OptimizeEnergy(Linitial
c
Linitial ← nearest-neighbor interpolate Lc and sample at ﬁne-grid
0 1
initial
, D, ψ , α , ﬁne-grid)
(L,g ,g )← OptimizeEnergy(L
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grid, then t × t × t voxels in the ﬁne grid become one voxel in
the coarse grid. A set of t × t × t voxels is in contact with other
sets along the x, y, and z directions. Two neighbor sets have t × t
smoothness energy of ψ , so ψc should be t 2 ψ .
To implement the algorithms, we used the GridCut software library as a graph-cut solver [30,33–35]. In addition, we applied a
push-relabel algorithm in the Compute Uniﬁed Device Architecture
(CUDA) of NVidia [36] to accelerate the computing times using
GPUs [37]. The push-relabel algorithm traverses all voxels while
pushing excess ﬂow or relabeling for each voxel, and all operations
can be parallelized. Our implementation allocates one thread per
voxel logically and conducts pushing or relabeling.
3. Results
This section compares the results obtained by the MRF reconstruction methods and other conventional methods. Herein, we denote the smooth model as US-MRF and the modiﬁed formulation
in Eq. (11) of the PS model as PS-MRF. For comparison, the PNN
and DW methods were selected because they exhibit good reconstruction quality among the existing methods within a reasonable
computation time [10,11]. The PNN and DW methods are implemented based on pseudo-codes [11]. The PNN that was implemented here locates the nearest neighbor voxel of each pixel for
an initial bin-ﬁlling step, and the remaining empty voxels are ﬁlled
with a Gaussian weighted average value of local-neighbor bin-ﬁlled
voxels within a radius R. The DW method traverses all pixels of the
input images while adding a weighted pixel value to voxels within
the radius R, where the weight is the inverse of the distance between the pixel and voxel [38].The radius R was set to 1.5 mm for
all experiments. Unﬁlled voxels were set to the average value of all
observation pixel values.
3.1. Simulated data
Simulated ultrasound images of a virtual phantom were generated using the FieldII software library [39,40]. There were two
ball-shaped volumes, one of which had a higher density volume,
and the other had a lower density volume than the background.
The phantom size was approximately 40 × 26 × 60 mm3 , and 50
images were generated from the virtual probe directions sweeping
y-direction with randomness, while the images were kept parallel
to the x-axis. A voxel grid was generated for the virtual phantom
with 161 × 104 × 232 voxels with 0.25 mm spacing. Fig. 6 presents
the virtual model, a simulated image, and a yz-sectional plane of
the voxel grid where the image planes are represented by thick
lines.
To evaluate the 3D reconstruction performance of various methods, the reconstruction errors, interpolation errors, segmentation
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errors, and computation times were measured. As mentioned in
Sections 1 and 2, the objective of this paper is to reconstruct
the representative voxel values while preserving object boundaries.
Hence, the reconstruction methods should minimize the reconstruction error,

reconstruction error =


1  
fv − fvtrue ,
|V | v∈V

(12)

where fv is the value restored by each method, |V | is the cardinality of the set V, and fvtrue is the true representative value of
the voxel v. To get the ground truth of fvtrue , we simulated 50 0 0
images with random probe positions and directions, as shown in
Fig. 6(c), and conducted the nearest-voxel mapping and averaging
of all pixels.
Interpolation error measures the restoration performance by removing a scanned image from the input dataset proposed in [10].
Although our reconstruction purpose is not to generate exactly the
same data with the original ultrasound image including noises and
artifacts, this evaluation assessed the capability of the reconstruction algorithm to ﬁll in missing data regions. Let Vremoved denote
a set of the voxel indices that lose data. The interpolation error is
the average difference between the restored voxel values and the
bin-ﬁlled voxel values of the removed image:






1


inter polation error =
y p ,
 fv −
|Vremoved | v∈V
|Pv | p∈Pv 

removed
1



(12a)

where |Vremoved | and |Pv | are the cardinalities of the corresponding sets. In our experiments, we removed each image plane in the
dataset and calculated the interpolation error for the image.
The segmentation error is the proportion of misclassiﬁed voxels. The true label of a voxel is deﬁned as foreground if the voxel
is in the higher or lower density area; otherwise, it is deﬁned as
background. The true label set can be calculated because we know
the exact shape of the virtual phantom. The PS-MRF model generates an estimated label set, so we can compare this label set with
the true label set. For other reconstruction methods that do not
segment the voxel grid, we classiﬁed the reconstructed voxels using certain thresholds: background if k1 ≤ fv ≤ k2 ; otherwise, foreground. The threshold parameters k1 and k2 were selected by minimization of the segmentation error. This is the ideal threshold segmentation for comparisons, and this type of segmentation is not
possible in reality.
The PS-MRF requires some pre-processed inputs and parameters. The variance of observation noise was set to σ p2 = 82 for all
p. The smoothness parameter was set to ψ =1. The discontinuity
penalty was set to α =8, which resulted in a rapid and stable jump
over ‘8’ likely to be a boundary.

Fig. 6. Virtual phantom; the grid in (c) has 1 mm spacing.
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Fig. 7. Comparison of sectional images generated using the four reconstruction methods.

The noise variance parameters σ p2 were determined by
measurement of the speckle noise variance from the sampled images. This measurement might not be very accurate. However,
obtaining very accurate σ p2 values is not important because σ p2
does not directly affect the smoothness of the results. Rather
than σ p2 itself, the ratio between the aggregate precision of a

2
voxel
p∈Pv 1/σ p and the smoothness parameter ψ determines
the smoothness of the voxel v. Eq. (8) implies that a neighbor
voxel can be considered as another observation with a noise variance of 1/ψ . Therefore, a neighbor voxel has a weight of σ p2 × ψ
observations within the constant σ p2 settings, because a neighbor
has the precision ψ , and an observation has the precision 1/σ p2 .
In this experiment, the number of observations per voxel was approximately 25, on average, over the voxels that had at least one
observation, and a neighbor had a weight of 82 observations. The
ratio between the two numbers of observations enabled an almost
speckle-free reconstruction result in the experiment. The smaller
ψ , the closer to the original ultrasound image reconstruction result
that can be generated, but it is noisier. In this case, speckles might
be assigned to different labels, and this is undesirable. Therefore, a
higher discontinuity penalty α is recommended for a smaller ψ in
order to prevent the undesired separation of speckle noise in our
experiments. For example, some speckles were separated using a
different label with ψ = 0.125 and α = 10, but the parameters of
ψ = 0.125 and α = 15 produced clear object boundaries.
We measured the computation times using a desktop computer with an Intel i7-3770 CPU and NVidia GTX 780 graphics card
including 2304 CUDA cores. All CPU computations were singlethreaded for fair time comparisons. For the PS-MRF, the CPU and
GPU implementations were based on Algorithm 1 without reuse of
ﬂows and Algorithm 2 with reuse of ﬂows, respectively. The coarse
grid of Algorithm 2 is constructed with 2 mm voxel spacing. The
quality performance results for each method are summarized in
Table 1. The computation time in Table 1 is the average time for
a reconstruction. As shown in Table 1, the PS-MRF method outperformed all other methods. From the computation perspective,
both the CPU and GPU implementations took 3 iterations on the
0.25 mm spaced grid. Hence, the speed up from 436.49 s to 9.41 s
is due to the reuse of ﬂows and the computation power of the GPU.

Sectional images of the reconstructed 3D voxel grid with full
data are presented in Fig. 7 with 0.25 mm voxel spacing.
Fig. 8 presents the intensity proﬁles of the reconstructed volumes along the x-axis at y = 63 and z = 140. The image plane
that crossed y = 63 and z = 140 was removed for the reconstruction, so we could compare the reconstructed data and the original data that was removed at the reconstruction. As seen in Fig. 8,
the PNN and DW generated false speckle noises, and the DW and
US-MRF blurred the boundary information. In contrast, the PS-MRF
captured speckle-free signal values while preserving the boundary
information.
3.2. Scanned data
3.2.1. Data acquisition
To reconstruct a 3D model from a real ultrasound image, the
global position and orientation data of each image was measured
simultaneously by the optical tracking system depicted in Fig. 9.
The pixel coordinates of the ultrasound image u = (u, v, 0, 1)T
can be converted to the world coordinate x = (x, y, z, 1)T by a
T TM TP TI u. Here, TT is the worldsimple transformation x = TW
T M P
W
to-tracker coordinate transformation matrix, TM
represents the
T
tracker-to-marker coordinate transformation, and TPM is the

Table 1
Quality measures of the Two spheres results.

PNN
DW
US-MRF
PS-MRF

Reconstruction
error

Interpolation
error

Segmentation
error

Computation
time (s)

7.68
6.05
6.11
6.03

8.63
8.25
8.24
8.18

2.06%
1.43%
1.34%
1.33%

26.97
391.87
14.02
CPU: 436.49
GPU: 9.41

Fig. 8. Intensity proﬁles of the reconstructed volumes along the x-axis at the center
of the data-removed section.
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Fig. 9. Conceptual model of the scanning system [5].

transformation matrix of the marker-to-ultrasound probe. The 4
× 4 scale matrix has diagonal elements (sx , sy , 1, 1), which represent the pixel-spacing values of the ultrasound image. For the
probe calibration, the traditional crosswire phantom was used [7],
and the TPM matrix and sx , sy values were obtained using the
Levenberg-Marquardt method [5]. While scanning a VOI using a
calibrated ultrasound probe, our system automatically saved the
ultrasound images with their probe position at a frequency of
10 Hz.
A liver phantom model was obtained via casting, using a frozen
gelatin solution based on a silicone mold made of MoldMax 30
(SmoothOn Inc., Easton, PA, USA). The initial shape of the liver was
obtained from a 3D virtual model and created using a 3D printer to
make a mold. Finally, we put the phantom liver into a gelatin solution with a different concentration level to be scanned using the
ultrasound device (SonixTouch, Analogic Co., Peabody, MA, USA).
All images were scanned with an L14-6 linear probe, and each Bscan image had 450 × 450 pixels.
3.2.2. Reconstruction results
The 3D model was reconstructed using 149 ultrasound images
for 57 × 54 × 44 mm3 area (230 × 216 × 177 voxel grid with
0.25 mm voxel spacing). The parameter values of ψ = 0.5 and
α = 15 were used in the PS-MRF model. In this experiment, the
noise variance parameter σ p2 was applied differently according to
the position of the pixel in the image for the PS-MRF model. We
can observe that the images generated using our machine exhibited a consistent focal zone. Approximately 30 pixel widths to left
and right of the images and 100 pixel widths at the bottom of
images were considered far from the focal zone; data in the nonfocal zone exhibited degraded quality due to signal attenuation and
lower resolution. Therefore, we set σ p2 in the non-focal zone to
322 and σ p2 in the focal zone to 42 . Varying the coeﬃcient σ p2 is

particularly useful when accurate data and inaccurate data overlap. In our experiments, the probe moved back and forth creating
a “V” shape; thus, the focal zone and non-focal zone overlapped.
For the US-MRF model, σ p2 was set to 42 for all pixels.
In terms of smoothing strength, the number of observations
per voxel was approximately 55, on average, for the voxels that
had at least one observation, and a neighbor voxel had a weight
of 42 × 0.5 observations, if we assumed that all pixels had the
same variance coeﬃcient σ p2 = 4. Hence, the smoothing strength
was much weaker than in previous experiments. We intended
the parameter settings to preserve small features in the volume, and α was increased to be higher than in previous experiments to compensate the low smoothing strength, as discussed in
Section 3.1.
To evaluate the reconstruction quality, the interpolation errors
at the focal zone were measured. Due to the poor quality of the
original signals at the non-focal zone, we only compared intensity
values of the focal zone in the removed scan image with the intensity values of the reconstructed volume. In addition, we measured
surface differences because the ground truth of the surface model
(Fig. 10(a)) was known in this case. For this purpose, we measured
surface feature points from the phantom liver using the optical
tracker and converted them to global coordinates. We then found
the rigid transformation from the initial (virtual) surface model to
the phantom liver by the iterative closest points (ICP) method after initial feature point matching. The transformed virtual surface
was used as a ground truth. Iso-surfaces were extracted from the
reconstructed volumes, and we measured the Euclidean distance
from each vertex of the transformed virtual surface model (ground
truth) to the iso-surfaces. We computed root mean squares of error (RMSE) as well as the mean and standard deviations of the
distances. For all other methods except PS-MRF, which does not

Fig. 10. Physical phantom models.
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Table 2
Quality measures of the Scanned data results.
Interpolation
error

Computation
time (s)

Surface error (mm)
Mean ± standard deviation RMSE

PNN
DW
US-MRF
PS-MRF

6.38
6.64
6.24
5.89

1.02 ± 0.67
1.03 ± 0.69
1.00 ± 0.71
0.80 ± 0.68

1.22
1.24
1.22
1.05

55.65
328.79
47.93
CPU: 25297.79
GPU: 22.06

produce surface information, iso-surfaces were used for comparison. Speciﬁcally, the iso-surface level was set to 20, which provides
accurate surfaces of object boundaries. When computing the surface errors, we only measured one-side distances from the ground
truth to the iso-surfaces to avoid the dark regions by signal attenuation in the deep scan area being included in the computation.
Quality measures are presented in Table 2.
The PS-MRF method produced signiﬁcant lower interpolation
error, because the reconstructed volumes of other methods except
the PS-MRF method were corrupted by the degraded signals of the
non-focal zone data, which is due to the fact that all input pixels
are considered as having the same precision. Moreover, the surface
error was minimized with the PS-MRF method. In terms of computation time, Algorithm 1 consumed 28 iterations, and Algorithm 2

consumed just two iterations on the ﬁne-grid because the energy
was almost minimized at the coarse-grid stage with a negligible
computation time. As a result, the computation time gap between
CPU with Algorithm 1 and GPU with Algorithm 2 was substantial.
Figs. 11 and 12 show the sectional images and 3D surfaces of
the reconstructed models, respectively. For results that do not contain boundary information (i.e. the PNN, DW, and US-MRF methods), the iso-surfaces at two different levels were drawn.
The sectional images demonstrate that the PNN, DW, and USMRF methods blurred the object boundaries and that the PNN and
DW methods did not ﬁll all voxels in the grid. These characteristics
increase the diﬃculty of further data analyses, such as segmentation and boundary detection. In contrast, the PS-MRF method provided clear boundaries, and all voxels were ﬁlled. As seen from the
iso-surfaces, inaccurate boundaries were created under the object
due to the gradual decay of the ultrasound signal.
Fig. 13 presents the reconstruction result with (a) a constant σ p2
and (b) a varying σ p2 . The vertical dark lines, which arise from the
axial border of the scan images and are indicated by red arrows,
are recovered by the data from the focal zone in Fig. 13(b). We
also note that the liver boundaries, which are indicated by blue arrows in Fig. 13(b), exhibited different reconstruction results. Some
boundaries exhibited less aliasing because lowering the precision
of the non-focal area causes the data ﬁtness penalties of the energy function (11) to be lower. Consequently, the boundary penalties affect the energy more than in case (a).

Fig. 11. 2D sectional images of the reconstructed volume (xy, yz, and xz planes from left to right).
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Fig. 12. 3D comparison via extraction of iso-surfaces.

Fig. 13. PS-MRF reconstruction with consideration of (a) uniform and (b) varying noise models.

4. Conclusion and discussion
We proposed and developed an MRF model to reconstruct a 3D
volume from freehand ultrasound images. Our model can reduce
speckle noise and can easily be expanded for a piecewise smooth
model for boundary conservation. The region-based PS-MRF model
provides a simple and intuitive formulation and generates highﬁdelity results from irregular and noisy input. This model is also
easily optimized for binary labels. For computational eﬃciency,
which is critical for clinical applications such as image-guided interventions, we proposed an improved algorithm and parallelized
the optimization step. In our experiments, the computation time
of Algorithm 2 using GPUs was at least46.39 times faster than
Algorithm 1 using a CPU.
Our PS-MRF method was compared with traditional reconstruction methods using synthetic ultrasound images and real ultra-

sound images by assessing the methods in terms of the proposed
quality measures. The results demonstrated that the object boundaries generated by the PS-MRF model were signiﬁcantly clearer
and that the image noise was reduced signiﬁcantly. The interpolation and segmentation error values were low, while the computation was performed in a reasonable time using GPUs. Because a
simple classiﬁcation can be performed simultaneously with the reconstruction step, clear 2D and 3D visualizations are possible without additional computation for various clinical and research purposes (e.g. embryology). We also expect that our noise-reduced reconstruction will be useful for image-guided surgery and interventions without radiation exposure.
In our experiments, we simply determined the conﬁdence level
of each pixel by dividing B-scan images into focal/non-focal zones.
However, several studies have measured the conﬁdence levels of
each pixel in more systematic ways. In particular, [41] focused on
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creating an acoustic shadow map, and [42] proposed a method of
generating a conﬁdence map including the shadow region. The reconstruction quality of our method can be further improved by
combining these approaches, although there are tradeoffs to incorporate the material/content-dependent processing in the reconstruction step. Because the internal materials are not known in
the reconstruction step, content-dependent processing requires additional computations for each B-scan image. Depending on clinical applications, there can be trade-offs between the computation
time and quality in practical use.
In many anatomical images, the use of multiple labels might
provide better reconstruction results than binary labels. The appropriate cardinality of labels |L| can be determined using simple
intensity analyses, such as counting the peaks in a smoothed histogram, or any other classiﬁcation, as a preprocessing step. Another
possibility of determining the number of labels is Bayesian model
comparison methods within the probabilistic inference framework.
If the number of labels is determined, the formulation of multilabel cases can be extended from Eq. (11). The energy function
consists of three types of penalty: data ﬁtness, smoothness, and
boundary length. The data ﬁtness and smoothness penalties at
voxel v occur only in the selected layer lv , and the boundary length
penalties occur when any two neighbor voxels have different labels. Therefore, the energy function of the multi-label case can be
easily extended from Eq. (11) by setting the outer summation index h from 0 to k − 1 for the k-label formulation.
From the algorithmic aspect, multi-label extension can be
achieved by modifying Algorithm 1 in two aspects: the interpolation step and the segmentation step. The interpolation step is
straightforward for the multi-label case. If the number of labels
is L, there are L layers to interpolate. Each layer is interpolated
in the same way as the binary label case. In contrast, optimizing
multi-label segmentation is a NP-hard problem in contrast with
the binary label case [43]. However, there are eﬃcient optimization
methods called α − β swap and α expansion, which are known to
perform well on a variety of computer vision problems [43].
As additional further work, the machine-dependent parameters
in the observation model, such as the variance coeﬃcients σ p2 ,
should be estimated for various machines and probes as well as
for various materials. We have tested and used the value estimated
under ﬁxed settings. However, an ultrasound image exhibits different intensities and qualities according to the frequency and other
scanning parameters. Sensitivity analyses using such parameters
determined by the characteristics of the machines would be necessary in order to optimize the user-deﬁned parameters. The probe
characteristics, speckle strengths, and any other knowledge about
noise and artifacts could be applied.
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